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Abstract – Results steming from the linear stability of time-periodic flows in a Taylor–Couette geometry with cylinders oscillating in phase or out-of-
phase are presented. Our analysis takes into account the gap size effects and investigates the influence of a superimposed mean angular rotation of the
whole system.

In case of no mean rotation, the finite gap geometry is found to affect the shape of the stability diagrams (critical Taylor number versus the frequency
parameter) which consist of two distinct branches as opposed to being continuous in the narrow gap approximation. In particular, in the out-of-phase
configuration a new branch for low frequencies was found, thus enabling better agreement with available experimental results.

When cylinders are co-rotating and subject to rotation effects, our calculations provide the evolution of the critical Taylor number versus the rotation
number for two values of the frequency. The stability curves are found to be in qualitative agreement with available experimental data revealing a
maximum of instability for a rotation number of about 0.3.

In the high rotation regime, enhancement of the critical Taylor number is investigated through an asymptotic analysis and the value of the rotation
number at which restabilization occurs is found to depend on the frequency parameter.

A restabilization of the flow also occurs when the rotation number and the gap size are of the same order, a phenomenon already pointed out in the
case of steady flows and attributed to the near cancellation of Coriolis and centrifugal effects. Our investigation proves that the same mechanism still
holds for time-periodic flows. 2000 Éditions scientifiques et médicales Elsevier SAS

Taylor–Couette geometry / critical Taylor number / Coriolis force / centrifugal force

1. Introduction

Since they are encountered in a great variety of physical and technological problems, time-periodic flows
have received an upsurge interest from researchers concerned with hydrodynamic stability [1]. One can cite
many examples of time-periodic flows, for example sinusoidally excited jet stream to form droplets in ink
jet printing devices, thermocapillary and buoyant flows under gravitation modulation (g-jitter) in materials
processing aboard spacecraft [2], periodic blood flow in the aorta [3]. A first problem of hydrodynamic stability
of periodic basic flow was discovered by Faraday [4] in the nineteenth century. He observed a regular pattern of
standing waves on the surface of water in a vertically vibrating vessel and noticed that the waves have half the
frequency of the vessel. Another representative case of this kind of problem is the stability of a flow induced
by the oscillations of a flat plate surmounted by a semi-infinite fluid medium [5] (well known as the Stokes
boundary layer problem). Stokes layers might also give rise to other kinds of instabilities of a centrifugal nature
in the presence of streamline curvature. In the following, we shall concentrate on the instabilities arising in the
flow of a fluid contained between two concentric cylinders assumed to be of infinite length and subject to a time-
periodic rotation forcing. The present investigation may be considered as an extension of our previous work on
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the subject [6–8] where angular velocities of the inner and outer cylinders were respectively�1(t)=�0 cos(ωt)
and�2(t) = ε�0 cos(ωt). Our stability analysis was performed in the small gap approximation forε = ±1
[6,8] and ε = 0 [7]. Comparison with experimental results have shown a satisfactory agreement forε = 1,
whereas some discrepancy in the low-frequency limit was found forε =−1.

The so-called pulsed flows belong to the larger class of modulated flows where�i(t) = �mi + εi cos(ωt)
with i = 1,2. Pioneering investigations were mostly devoted to the case where the outer cylinder is at rest
(�m2= 0, ε2= 0) and later various types of forcing were considered both theoretically and experimentally as
for instance in the particular case of steady rotation of the inner cylinder (ε1= 0) and sinusoidal oscillation of
the outer cylinder around a zero mean (�m2 = 0) which was recently revisited by Murray et al. [9] in a very
comprehensive manner.

The present contribution is devoted to a configuration which has not yet received as much attention, at least
from the theoretical point of view, which corresponds to the parameters:�m1 = �m2 = �m, with ε2 = ±ε1.
Recent experimental results obtained in this configuration [10–12] have been analyzed in the low frequency
regime using a quasi-static approach. By applying Floquet theory, our calculations aim at a comparison with
experiments on a wider range of values of the frequency. Two equivalent descriptions of the system are allowed
whether the frame of reference is choosen to be at rest or rotating at the angular velocity�m. In the laboratory
frame, the flow can be assimilated to a modulated flow with the same steady component of the angular velocity
on both cylinders. Whereas, in a frame of reference rotating at the angular velocity�m, we shall consider
pulsed flows subject to Coriolis acceleration.

For steady flows, the coupling between instabilities induced both by centrifugal and Coriolis forces has been
analyzed by Matsson and Alfredssson [13] for a Poiseuille flow in a curved rotating channel. It was shown that
terms of the gap size order needed to be kept both in the disturbance equations and in the mean velocity profile.
Also, Mutabazi et al. [14] demonstrated later that when restabilization occurs above a certain value of the
rotation number, the critical parameters of the system exhibit an asymmetry between the direction of rotation
which grows with the gap size. Moreover, finite gap size effects are easy to handle when simple analytical
expressions exist for the velocity component of the base flow which can be expanded in ascending powers of
the gap size parameter. This is the case for the steady Poiseuille flow in a curved channel and steady circular
Couette flow. Though a similar attempt was made for pulsed flows using asymptotic expansion of modified
Bessel functions [11,12], this attractive possibility is not of such a decisive interest when the stability analysis
has to be made numerically. We shall see later that the confidence in this approximation cannot definitely be
assessed on the grounds that it leads to a small error for the velocity profile, without ensuring it is also true for
its derivative.

These considerations lead us to perform a numerical derivation of the base flow as explained in Section 2
where the formulation of the stability problem is also reported. Results of the Floquet analysis are presented in
Section 3 for�m = 0 and in Section 4 for�m 6= 0. Conclusions are drawn in Section 5.

2. Position of the problem

We consider a Newtonian incompressible fluid of densityρ and kinematic viscosityν in the annular space
between two coaxial cylinders of radiiR1 andR2=R1+d, with d the gap width. The radius ratioη=R1/R2, is
used as the characteristic parameter for the geometrical configuration whereas in the narrow gap limit (η→ 1)
the relevant parameter isδ ≡ d/R1 = (1/η) − 1. When referred to a system that rotates with steady angular
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velocity�, the flow velocityv and pressureP fields are described by the following equations [15]:

∂v
∂t
+ (v.∇)v+ 2�× v=−∇

(
P

ρ

)
+ ν1v,

div v= 0.

HereP is the sum of the usual pressure term and the centrifugal energy(−�2r2/2) associated with the rotation
of the frame of reference as a whole. The base flow is induced by the oscillations at the frequencyω of the inner
and outer cylinders with respective angular velocity�1(t)=�m+�0 cos(ωt) and�2(t)=�m+ ε�0 cos(ωt)
(�0,�m are constant angular velocities andε =±1).

The quantitiesd andd2/ν, as scales for length and time respectively, are introduced to get the dimensionless
Navier–Stokes equations. Under the assumption of two infinitely long cylinders and owing to rotational
symmetry, the base flow in the frame of reference rotating at the angular velocity�m has one component
VB(r, t) in the azimuthal direction, solution of the partial differential equation

∂VB

∂t
= ∂

2VB

∂r2
+ 1

r

∂VB

∂r
− VB
r2
, (1)

wherer andt are radial and time variables.

Introducing the frequency parameterσ = ωd2/ν, and with the base flow expressed in�0R1 units, the
boundary conditions become:

VB(r1, t)= cos(σ t), VB(r2, t)= ε
η

cos(σ t)

at the inner and outer cylinderr1= η/(1− η) andr2= 1/(1− η), respectively.

The solution is sought as the superposition of two contributions

VB = V1(r)cos(σ t)+ V2(r)sin(σ t), (2)

whereV1(r) andV2(r) satisfy the system of coupled differential equations

−σV1=DD∗V2,

σV2=DD∗V1,

with D ≡ ∂/∂r andD∗ ≡ ∂/∂r + 1/r .

The boundary conditions can now be expressed as

V1(η/1− η)= 1, V2(η/1− η)= 0,

V1(1/1− η)= ε/η, V2(1/1− η)= 0.

The determination of the radial functionsV1(r) andV2(r) of the base flow has been done numerically using
a shooting method with a Runge–Kutta scheme of integration. Analytical expressions forV1(r) andV2(r) in
terms of modified Bessel functionsI1(0r) andK1(0r) where0 = √iσ , have been derived by Carmi and
Tustaniwskyj [16] with

V1(r)− iV2(r)= 1

1

[
K1(0r2)I1(0r)− I1(0r2)K1(0r)

]+ ε

η1

[
K1(0r)I1(0r1)− I1(0r)K1(0r1)

]
,



92 A. Aouidef, C. Normand / Eur. J. Mech. B - Fluids 19 (2000) 89–107

where

1=K1(0r2)I1(0r1)− I1(0r2)K1(0r1).

The real and imaginary parts of this expression have been computed numerically and compared to direct
numerical calculations ofV1(r) and V2(r) showing an excellent agreement up to sixth digit. Asymptotic
expansions of these expressions up to first order in the gap sizeδ were proposed by Ern [11,12]. As
demonstrated in the appendix, first order corrections to the narrow gap approximation may be retrieved without
mention to Bessel functions, by re-writing the base flow asVB = V(r, t)/r1/2 and neglecting terms of orderδ2

when solving forV(r, t). We have drawn attention in the appendix to the questionable accuracy of the stability
results obtained when using this approximation, in particular forε = 1. To avoid these problems the stability
analysis was always performed for a numerical velocity profile of the base flow.

Once the base flow is known, its linear stability with respect to axisymmetric disturbances is considered. The
assumption of axisymmetrical modes of instability is justified for the in-phase configuration where they are the
only patterns observed in experiments [6,8]. It is more questionable for the out-of-phase configuration where
spiral-like non-axisymmetric patterns have been observed at high modulation frequencies [8]. When the two
cylinders are counter-rotating at a uniform velocity, the threshold for the non-axisymmetric mode (Tac = 65.4)
is very close to that of the axisymmetric mode (Tac = 68.3) and it is expected that the difference between the
threshold values remains small when considering pulsed flows.

In the perturbed state, the velocity and pressure fields are written as the sum of a base state(0, VB,0,PB)
and a perturbation field

(u,p)= [u(r, t), v(r, t),w(r, t),p(r, t)]exp(iqz),

whereq is the wave number in the axial direction. The evolution equations for the amplitudes of the velocity
componentsu, v,w and the pressurep are the dimensionless Navier–Stokes equations in the reference frame
rotating at the angular velocity�m, linearized around the basic state:

∂u

∂t
− 2Re

(
VB

r
+Ro

)
v+Dp=DD∗u− q2u, (3)

∂v

∂t
+Re(D∗VB + 2Ro)u=DD∗v − q2v, (4)

∂w

∂t
+ iqp=D∗Dw− q2w, (5)

Du+ u
r
+ iqw= 0, (6)

with the boundary conditionsu= v =w = 0 atr1= η/(1−η) andr2= 1/(1−η). The stability of the system is
found to be governed by the Reynolds numberRe=�0R1d/ν, the rotation numberRo=�md/�0R1 and the
frequency parameterσ . The rotation ratêRo=�m/�0 is also introduced and two different orders of magnitude
which are of particular interest will be considered in Sections 4.1 and 4.2. Different notations can be found in
the literature, for example in [12,14], where the set of parameters(Ro, R̃o) stands respectively for the present
notations(R̂o,Ro), which are consistent with [11,13].

The system of partial differential equations (3)–(6) with time-periodic coefficients is solved by applying
Floquet theory. Each of the perturbed quantities can be written in the form

exp(λτ)χ(r, τ ),
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in which χ(r, τ) is a periodic function in the time variableτ = σ t with the same period 2π asVB(r, τ ) andλ
is complex equal toλr + iλi , λr is the growth rate andλi is a second frequency associated with quasi-periodic
motion of the system. For the condition of neutral stability (λr = 0) and when the time-periodic part of the
solution is represented by a truncated Fourier series in time, the perturbed quantities are sought as

{u, v,w,p} = exp(iλiτ )
n=N∑
n=−N

{
un(r), vn(r),wn(r),pn(r)

}
expinτ. (7)

The invariance of equations (3)–(6) under the combined operation of changingq in −q and the complex-
conjugate operation imposes restriction on the Floquet form of solution. As the real and the imaginary parts
of the equations are independent, a solution can always be expressed in real form which is only possible if
eitherλi = 0 (synchronous solutions) orλi = 1/2 (subharmonic solutions). For a particular class of temporally
modulated systems (shear-induced modulation), Or [17] has been able to provide an argument for the non-
existence of subharmonic solutions. In contrast, convection problems involving modulation of the thermal
gradient or gravitational accceleration [18] and Taylor–Couette flow with oscillation of the outer cylinder [9]
contain subharmonic as well as synchronous solutions. Though the existence of a subharmonic response
cannot be definitely excluded in our problem, we have not considered this possibility on the ground that
there is no experimental evidence for it. Upon substituting (7) withλi = 0 into the set of equations (3)–(6)
leads to a system of differential equations forun(r), vn(r),wn(r),pn(r) which has been solved numerically
following a method already described in [6]. A set of independent solutions satisfying the boundary conditions
at r1 = η/(1− η) is constructed by a fourth-order Runge–Kutta numerical scheme with a step size ranging
between 0.02 and 0.01. A linear combination of these solutions satisfying the boundary conditions at the other
extremer2 = 1/(1− η) leads to an homogeneous algebraic system for the coefficients of the combination.
Then the condition of solvability of the system is the vanishing of the determinant which defines a dispersion
relation1(σ,Re, q,Ro)= 0 relating all the parameters of the problem. For the results presented here, the value
of N ranged from 12 to 24 depending on frequency and rotation number. Low-frequency and high-rotation
calculations require a greater number of Fourier modes in time.

3. Results for no mean rotationRo= 0

We first pay attention to configurations for which there is no mean angular velocity,�m = 0, and then
compare theoretical results to available experimental findings.

For ε = 1 (in-phase oscillations of the two cylinders), two configurations which correspond toη = 0.9 [6]
andη= 0.8 [8] have been considered. To facilitate the comparison with previous theoretical and experimental
results, we shall use the Taylor numberTa= Reδ1/2 and γ = (σ/2)1/2 as the governing parameters of the
system. It is worth noticing thatγ is the ratio of two lengths, the gap widthd and the thickness of the Stokes
boundary layer(2ν/ω)1/2. When looking for analytical expressions of the velocity profile,γ appears as a
natural parameter through the expression0 =√iσ = γ (1+ i) (see Section 2 and Appendix).

Evolution of the critical Taylor number as a function ofγ is shown infigure 1 for η = 0.9 andη = 0.8.
Three curves which correspond respectively to the finite gap (solid lines with superimposed circles or squares)
and the former small gap approximation (dashed line) [6] have been drawn. As one can notice, results from
the finite gap calculations reproduce qualitatively the behavior obtained in the small gap approximation. Now
concentrating on the difference, we first mention that considering a finite gap size enhances the stability of the
system as for steady flows. The common features are the existence of a maximum of instability aroundγ0= 2
and the restabilization of the flow for high and low frequencies. For the two values of the gap size parameter
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Figure 1. Critical Taylor numberTac versus the frequency parameterγ for in-phase oscillating cylinders (ε = 1) and a zero mean rotation (Ro= 0).
Circles:η= 0.8; squares:η= 0.9. The dashed line is for the results obtained by Aouidef et al. [6] in the small gap approximation.

considered here, the critical Taylor number admits a minimum value which is nearly the sameTac ≈ 138,
higher than the minimum value found in the narrow gap approximation and in better agreement with previous
experimental results [6,8]. The curves infigure 1are close to each other in the high frequency regime where it
is known that the critical Taylor number obeys the asymptotic lawTac ∝ γ 3/2 [6]. The difference becomes more
pronounced as the frequency lowers and particularly forγ 6 4.5. The present results obtained for a finite value
of the gap reveal that the stability curves are not continuous but consist of two branches intersecting respectively
atγ = 3.75 forη= 0.8 andγ = 2.34 forη= 0.9. This particular structure is accompanied by an abrupt change
in the critical wave number as shown respectively infigure 2(a)for η = 0.8 and infigure 2(b)for η = 0.9.
Though there are differences in the curvesqc(γ ) according to the value ofη, a common behaviour is shared in
the high frequency range where the critical wavenumber varies according to the asymptotic lawqc ∝ γ [6]. For
η = 0.8, deviations from this law arise as soon as the valueγ = 4.2 is reached, which coincides with a local
minimum in the curveTac(γ ) also present, even if less pronounced, in the experimental curve [8]. Then, for
γ = 3.75 there is a jump in the curveqc(γ ) which corresponds to the intersection of the two stability branches
in theTac(γ ) diagram. Forη= 0.9, the valueγ = 3.5 corresponds to a minimum ofqc and to a shouldering in
the curveTac(γ ) which was already detected in the narrow gap calculations as well as in experiments [6]. For
the lower value ofγ = 2.34 we finally observed a jump in the value ofqc which is similarly associated to the
intersection of the two stability branches in theTac(γ ) diagram.



A. Aouidef, C. Normand / Eur. J. Mech. B - Fluids 19 (2000) 89–107 95

(a)

(b)

Figure 2. Critical wavenumberqc versusγ for the same parameters asfigure 1(ε = 1, Ro= 0). (a) Circles:η= 0.8; (b) squares:η= 0.9. The dashed
line is for the results obtained by Aouidef et al. [6] in the small gap approximation.
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Figure 3. Critical Taylor numberTac versus the frequency parameterγ for out-of-phase oscillating cylinders (ε = −1) and η = 0.8. Different
approximations of the radial velocity profiles have been used. Solid line: numerical profile; dot-dashed line: small gap approximation (Tennakoon

et al. [8]); dashed line: first order corrections to the small gap approximation are taken into account.

The second configuration we considered is when the cylinders are subject to out-of-phase oscillations
(ε = −1) and withη = 0.8 [8]. In figures 3and4 are reported evolutions of the critical Taylor number and
wavenumber in terms of the frequency numberγ . The dot-dashed line represents the theoretical results in the
small gap approximation of [8], the solid line is the present investigation when using the numerical velocity
profile and the dashed line when using the approximate velocity profile derived in the Appendix. For high
frequencies, a restabilization of the flow is revealed and the critical values are found to obey asymptotically
the lawsTac ∝ γ 3/2 andqc ∝ γ . For low frequencies, we recover a much better agreement with experiments
than we did in our previous study [8] when using a narrow gap approximation. In particular, for the lowest
values ofγ considered the critical Taylor number slightly increases above its minimum valueTamin

c = 117
reached forγ = 2.5, while the experimental results show that forγ < 3 the critical Taylor number keeps a
nearly constant valueTac ≈ 100. A second important point is that the marginal stability curves were found to
exhibit two distinct branches with two local minima leading then to improve the agreement for the evolution
of the critical wavenumber in terms of the frequencyγ as shown infigure 4. Forγ ≈ 4.3 there is an exchange
of stability between the left and the right branches of the neutral curveTa(q) which results in a discontinuity
in the curveqc(γ ) and a change in the slope of the curveTac(γ ) in agreement with the experimental results
plotted in figure 12 of reference [8].
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Figure 4. Critical wavenumberqc versusγ for the same parameters asfigure 3(ε =−1 andη= 0.8). Circles: numerical profile; dot-dashed line: small
gap approximation (Tennakoon et al. [8]); solid line: first order corrections to the small gap approximation are taken into account.

To conclude, it is worth noticing that our finite gap results differs from those obtained previously by Carmi
and Tustaniwskyj [16] for a gap sizeδ = 0.444 (η≈ 0.7). Forε =+1 they found a minimum value ofTac much
lower than ours and forε =−1 they found a restabilization of the flow whenγ → 0 in contradiction with the
present results and experimental findings [8]. Disagreements with the results of Carmi and Tustaniwskyj [16]
were already pointed out in other studies [9,19] concerned with a different configuration (steady rotation of
the inner cylinder and sinusoidal oscillation of the outer cylinder about a zero mean). It was suggested that
insufficient temporal resolution in their computations was responsible for the discrepancy, especially in the low
frequency range.

4. Results forRo 6= 0

In this section we shall concentrate on the configuration corresponding toε = 1 andη = 0.9 for which the
experimental procedure described in reference [11] provided results that can be directly compared with our
theoretical findings. Experiments have been conducted at different values of the frequency and for each value
the critical Taylor number is reported as a function of the rotation number. We shall mention that a different
procedure has been implemented in reference [8] where experiments were performed at a fixed value of the
mean rotation�m = 1.26 rad/sec while�0 was varied until its threshold value for instability. In this case, the
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Figure 5. Critical Taylor numberTac versus the rotation parameterRo for in-phase oscillations (ε = 1) at the frequency numberγ = 3. The circles are
the experimental results of Ern [11].

Taylor numberTa and the rotation ratêRoare not independent parameters and the experimental results show

the critical value of the modified Taylor number̃Tac = Tac(1+ R̂o
2
)1/2 as a function ofγ . This formulation is

less suitable for direct comparison with our theoretical results since it focuses on the variations ofT̃ac versus
the frequency parameterγ . We prefer to consider only two values of the frequency and examine the influence
of the rotation number onTac.

Our results presented infigures 5and7 show the critical value ofTac as a function ofRo for two values of
the frequency parameterγ = 3 andγ = 4.5. The corresponding values of the critical wavenumber are shown
in figures 6and8. The results are given forRo6 1.0 since for larger values ofRo the computations which
require more and more Fourier modes converge very slowly. This difficulty also reported forRo= 0 when
γ 6 1, arises when the steady component of the flow dominates, either because the frequency goes to zero or
the mean rotation increases.

Considering the curvesTac(Ro) we first notice that they are not continuous and consist in several branches.
The curves infigures 5and 7 both exhibit the same qualitative features, except for very low values of the
rotation number. Whenγ = 4.5, the critical Taylor number starts with the valueTac = 174 for Ro= 0, then
sharply increases whenRo is increased. Whenγ = 3, the critical Taylor number value which isTac = 158
for Ro= 0, remains nearly constant on a very short range ofRovalues. This results from the topology of the
neutral curvesTa(q) that undergo deformations whenRo increases as shown infigure 9whenγ = 3. For very
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Figure 6. Critical wave numberqc versus the rotation parameterRo for in-phase oscillations (ε = 1) at the frequency numberγ = 3.

low values ofRo, and near the critical point occuring forq ≈ 4.5, the neutral curves have a parabolic shape
that becomes a closed loop with increasingRo. Then the size of the loop reduces until finally it shrinks for a
value ofRo≈ 0.0185. Similar ring-shaped neutral curves enclosing unstable islands have also been reported by
Or [17] when studying instability in a horizontal liquid layer on an oscillating plane. For larger values ofRo,
the critical point is on a higher neutral curve and its evolution gives rise to a secondary branch in theTac(Ro)
diagram with a local minimumTac = 158 atRo= 0.04. A secondary branch also exists whenγ = 4.5, with
a local minimumTac = 139 atRo= 0.055, which ends up abruptly following the same scenario as the one
described infigure 9.

For still higher but moderate values ofRo, the critical Taylor number lies on a third disconnected branch
and it lowers abruptly to reach a minimum valueTac ≈ 67 located respectively atRo= 0.24 for γ = 3 and
at Ro= 0.3 for γ = 4.5. In the set of experiments to which we refer [11], a maximum of destabilization was
reported for values of the rotation number in the range 0.36 Ro6 0.6 corresponding to the minimum values
of the Taylor numberTamin

c = 59 for γ = 3 andTamin
c = 67 for γ = 4.5 consistent with our theoretical results.

For higher values ofRo, the critical Taylor number increases in agreement with experimental data recorded
up toRo= 1.4 [11]. An asymptotic formula giving the critical Taylor number in the high rotation regime has
been derived for steady flows [14] which predicts restabilization forRo> 3 in the case of a Poiseuille profile.
This result is not directly transposable to time periodic flows subject to rotation for which the appropriate
asymptotic analysis will be presented in Section 4.1 for the two limiting cases of low and high modulation
frequency.
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Figure 7. Critical Taylor numberTac versus the rotation parameterRo for in-phase oscillations (ε = 1) at the frequency numberγ = 4.5. The circles
are the experimental results of Ern [11].

The restabilization of the flow nearRo≈ 0.1 was not easy to detect in experiments mainly because only one
value ofRowas considered in the range 0<Ro< 0.1. The enhancement of stability is reminiscent of a similar
phenomenon already mentioned for steady flows under rotation [13,14] and attributed to the cancellation of
Coriolis and centrifugal effects. It was shown to occur for small and negative values of the rotation number
Ro= −δ [15]. In the present study the gap size isδ = 0.112 and since the direction of rotation is not a
relevant parameter in the case of a time periodic base flow, it appears that the formula|Ro| ≈ δ still provides
a good approximation for the location of the point at which Coriolis and centrifugal effects cancel each other.
A more rigorous treatment based on the generalization to time-periodic flows of an argument first introduced
by Mutabazi et al. [14] for steady flows has been reported in Section 4.2.

4.1. High rotation regime and small gap approximation

We shall use the small gap approximation and write the radial variable asr = δ−1+ x with 06 x 6 1. Terms
of orderδ are neglected except in the centrifugal term and the perturbations equations now take the form

(σ ∂τ −L)Lu+ 2q2Ta
(
VB + R̂o

)
v = 0, (8)

(σ ∂τ −L)v+ Ta
(
DVB + 2δR̂o

)
u= 0, (9)
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Figure 8. Critical wave numberqc versus the rotation parameterRo for in-phase oscillations (ε= 1) at the frequency numberγ = 4.5.

whereL= ∂2/∂x2− q2. We shall consider high rotation rate such thatδR̂o≈O(1) and examine successively
the low and high frequency regimes.

In the low frequency regime, the quasi-static approximation can be used and the above equations reduce to

L2u+ 2q2TaR̂o= 0, (10)

Lv+ Ta
(
DVB + 2δR̂o

)
u= 0. (11)

The inviscid Rayleigh criterion for stability requires that the sign of the discriminant

φ(x, τ)= R̂o
(
DVB + 2δR̂o

)
,

must be negative for instability to set in [14]. It is known [6] that forγ → 0, the derivative of the base flow
velocity expands as

DVB = γ 2(1− 2x)sinτ +O(γ 4).
As the Rayleigh discriminant is invariant in the transformation(R̂o, τ )→ (−R̂o, τ +π) only positive values of
R̂owill be considered. For positive values of sinτ , the condition for instability gives forx

x0= 1

2
+ R̂oδ

γ 2 sinτ
6 x 6 1,

which defines an unstable fluid layer located near the outer cylinder whose extension is 1− x0.
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Figure 9. Evolution of the neutral curves (Reynolds numberReversus wave numberq) for the fixed set of parameters:γ = 3, η= 0.9 andε = 1, when
the rotation numberRo is varied. Solid line:Ro= 0.01; dashed line:Ro= 0.017; dot-dashed line:Ro= 0.018.

For negative values of sinτ , the unstable layer lies near the inner cylinder

06 x 6 x0= 1

2
+ R̂oδ

γ 2 sinτ
.

Thus, whatever the sign of sinτ , the extension of the unstable layer decreases with increasingR̂o until it
vanishes asδR̂o→ γ 2|sinτ |/2. The asymptotic behavior in the stability diagram(Tac, δR̂o) may be found by
using the dynamical similarity of equations (10)–(11) with Taylor–Couette system equations [14,15]. Therefore,
with the correspondence

1−µ⇔
(

1

2
− R̂oδ

γ 2|sinτ |
)−1

,

T ⇔ 4γ 2Tac
2R̂o

(
1

2
− R̂oδ

γ 2|sinτ |
)
,

whereµ is the rotation ratio of the cylinders andT = 1181(1−µ)4 is the Taylor number in the Taylor–Couette
system as given by Chandrasekhar [15] for large negative values ofµ, one obtains the following asymptotic
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relation

Tac = 97.2

γ R̂o
1/2

(
1− 2R̂oδ

γ 2

)−5/2

. (12)

In the high frequency regime the choice ofd as the length scale is not appropriate because the base flow
velocity takes appreciable values in the inner and outer Stokes boundary layers of sized/γ . Therefore it is
convenient to make the change of variables:

x = γ −1x̃ and q = γ q̃.

Moreover, in the expressionDVB =DV1 cosτ +DV2 sinτ , the spatial distributionsDV1(x) andDV2(x) reach
their maximum values onx = 0 andx = 1 with DV1(0) ≈ −γ andDV2(0) ≈ γ when γ � 1. Therefore,
according to the Rayleigh criterion the maximum of instability will arise when either cosτ = 1 or sinτ =−1,
with the corresponding value of the discriminant:φ = R̂o(2R̂oδ − γ ). A balance of the various terms in
equations (8)–(9) gives the relationshipsγ 2u∼ TacR̂ov andγ 2v ∼ Tac(2R̂oδ− γ )u which are simultaneously
satisfied provided that

Tac ∼ γ 3/2

R̂o
1/2
(1− 2R̂oδ/γ )1/2

. (13)

In the high rotation range, the Coriolis force restabilizes the flow and leads to the Taylor–Proudman two-
dimensional regime as in the case of steady flows [14]. The asymptotic value ofRo+ at which there is a
complete restabilization of the flow is given byRo+ = γ 2/2 for low frequency values (equation (12)) and by
Ro+ = γ /2 for high frequencies (equation (13)).

4.2. Low rotation regime and small gap approximation

In the small gap approximation for moderate values of the rotation numberR̂o∼ O(1), the Rayleigh
discriminant becomesφ(x, τ) = (R̂o+ VB)DVB. Using the asymptotic expansions ofVB andDVB in the
low frequency range (γ → 1), Ern [11] analyzed the sign of the discriminant

φ(x, τ)= [R̂o+ cosτ + γ 2x(1− x)sinτ
]
γ 2(1− 2x)sinτ.

Following a procedure first introduced by Aouidef et al. [6] when there is no rotation, Ern remarked that at time

τ0 such aŝRo+ cosτ0 = 0, or equivalently sinτ0 =±(1− R̂o
2
)1/2, the discriminant becomes identical to the

one associated to the Dean problem (instability of Poiseuille flow in a curved channel) with the correspondence

Dec = Tacγ
2(1− R̂o

2)1/2
,

whereDec = 215 is the critical value of the Dean number. This expression shows thatTac(τ0) diverges when
R̂o→ 1 (Ro→ δ). As a complement to Ern’s analysis we have found other values of the time leading to an
enhancement of the instantaneous critical Taylor number. This is due to the competition between the centrifugal
force and the Coriolis force both acting as the destabilizing mechanisms in the system. It is worth selectingτ0

such as cosτ0= 0 and sinτ0=−1, so that the discriminant reads

φ(x, τ)= [γ 2x(1− x)− R̂o
]
(1− 2x)γ 2.
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As noticed by Mutabazi et al. [14] in their study of rotation effects on centrifugally driven instabilities in steady
flows, the above disciminant should be considered as the Rayleigh discriminant for the equivalent velocity
profile Ve = γ 2x(1− x) − R̂o. For R̂o6 0, the flow consists of two layers, with the one close to the outer
cylinder centrifugally unstable even when̂Ro= 0. Negative values of̂Ro will then enhance the effect of the
centrifugal force. For̂Ro> γ 2/4, the flow also consists of two layers, with the one close to the inner cylinder
unstable to rotation-induced perturbations. For intermediate valuesR̂o∈ [0, γ 2/4], there are two potentially
unstable layers alternating with two stable layers. The rotation annihilates the effect of the curvature when the
net flux of the equivalent velocity across the gap is zero

∫ 1
0 Ve dx = 0; this happens when̂Ro= γ 2/6. This

argument can be repeated without the low frequency assumption and for any values of the time. In the general
case, the zero flux condition expresses as

cosτ0

∫ 1

0
V1(x) dx + sinτ0

∫ 1

0
V2(x) dx + R̂o= 0,

which, after integration, gives the value of̂Ro at which Coriolis and centrifugal effects cancel each other:

R̂o+ (sinhγ + sinγ )cosτ0+ (sinhγ − sinγ )sinτ0

γ (coshγ + cosγ )
= 0.

For γ = 3 andγ = 4.5 there is no experimental evidence of restabilisation of the flow in the low rotation
regime but for a lower valueγ = 1 [11,20], no critical value of the Taylor number was found in the range
0.05<Ro< 0.1 which can be attributed to the cancellation of the two destabilizing mechanisms.

5. Conclusion

The aim of this work was to present theoretical results stemmed from the linear stability analysis of pulsed
flows in a Taylor–Couette geometry with the inner and outer cylinders rotating respectively at�1(t)=�m +
�0 cos(ωt) and�2(t) = �m + ε�0 cos(ωt). This investigation was conducted in the finite gap formulation,
with ε=±1, for different values of the frequency parameterγ and rotation numberRo. As a first check for the
reliability of our stability scheme, the situation for which there is no rotation effects (Ro= 0) was investigated.
For ε =+1, the main results revealed that when one takes into account the finite gap geometry, the stability of
the flow is enhanced when compared to the small gap approximation, in agreement with classical experimental
and theoretical findings. Forε = −1, we have found a new branch of instability in the low frequency range
which better fits with the existing experimental results. Moreover, a ‘semi-analytical’ solution was proposed
as an alternative for the Bessel functions to describe the base flow when the cylinders’geometry is such that
δ = d/R1� 1. For the radius ratioη= 0.8, a satisfactory agreement with a fully numerical analysis was found
for counter-rotating cylinders (ε =−1) whereas a discrepancy was revealed for co-rotating cylinders (ε=+1)
which requires more theoretical investigations for a full understanding.

As a second set of results (Ro 6= 0), we paid attention to the Coriolis effects on the stability of a pulsed
flow by letting the rotation number vary in the rangeRo∈ [0,1.0] and fixing the frequency parameter toγ = 3
andγ = 4.5 since there are available experimental data for comparaison. For both frequencies, evolution of
the critical parameters versus the rotation number were reported as a discontinuous series of curves with a
maximum of destabilization forRo= 0.3. A general tendency towards a restabilization of the flow whenRo≈ δ
as well as whenRo increases towards the upper value (Ro= 1.0) considered is reported. These two features are
reminiscent of what is known to occur when steady flows in curved channels are subject to rotation. For highest
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rotation numbers, the Coriolis force restabilizes the flow and leads to the Taylor–Proudman two-dimensional
regime. For pulsed flows, the asymptotic value ofRo+ at which there is a complete restabilization depends on
the frequency parameter. It is given byRo+ = γ 2/2 for low frequencies andRo+ = γ /2 for high frequencies.
In the low rotation regime (Ro∝ δ) we have shown that the near cancellation of centrifugal and Coriolis effects
is responsible for enhancement of stability.

The present analysis scheme allows for many configurations to be treated in terms of frequency and rotation
numbers and gave satisfactory results when compared to rare, available experimental investigations. Despite
the difficulties due to the rotation effects as well as the unsteadiness of the flow, more experiments would be
welcome, particularly in the low rotation regime, to confirm the restabilization predicted to occur when the
rotation number and the gap size are of the same order of magnitude.

Appendix

Using the transformationVB = V(r, t)/r1/2 in equation (1), we get the following equation forV(r, t):

∂V
∂t
= ∂

2V
∂r2
− 3

4

V
r2
.

The scaling for time, distance and velocity being the same as in Section 2, the non-dimensional radial variable
is now written asr = (1+ δx)/δ where the quantityδ = d/R1 is introduced. If terms of orderδ2 are neglected,
the above equation reduces to

∂V
∂t
= ∂

2V
∂x2

,

to be solved with the boundary conditions

V(0, t)= cos(σ t), V(1, t)= ε(1+ δ)3/2 cos(σ t).

At this stage the determination ofV bears a close analogy with the derivation ofVB in the narrow gap
approximation (Aouidef et al. [6]), the only difference being the presence of a factor(1+ δ)3/2 in the boundary
condition atx = 1. Therefore, the solution is sought as

V =A(x)cos(σ t)+B(x)sin(σ t),

where

A(x)= F(x)+ ε(1+ δ)3/2G(x)
andB(x)= σ−1(∂2A/∂x2). The expressions forF(x) andG(x) are found to be

F(x)= 1

2

sinh0(1− x)
sinh0

+ c.c.,

G(x)= 1

2

sinh0x

sinh0
+ c.c.,

with 0 = γ (1+ i) and c.c. stands for complex conjugate, thus recovering expressions identical to those obtained
in [11,12] by asymptotic expansions of Bessel functions. Moreover, one can show after some algebra that the
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Figure 10.Comparison of the values ofTac(γ ) obtained when using different approximations for the radial profiles of the base flow velocityVB (ε = 1).
Solid line: numerical determination of the velocity profiles forη= 0.8; dashed line: small gap approximation; circles: first order corrections to the small

gap approximation are taken into account.

functionsF(x) andG(x) are related in a simple way to the radial distributionsV1(x) andV2(x) which appear
in the narrow gap approximation of the base flow velocity written as:

VB = V1(x)cos(σ t)+ V2(x)sin(σ t),

where the explicit forms ofV1(x) andV2(x) are given in [7]. The following relations are found

F(x)= 1

2

{
V1(x, ε = 1)+ V1(x, ε =−1)

}
,

G(x)= 1

2

{
V1(x, ε = 1)− V1(x, ε =−1)

}
.

Similarly B(x) can be expressed in terms ofV2(x, ε =±1).

Since the above derivation provides accurate values of the basic velocity profile an attempt was made to
use it and the corresponding expression forD∗VB in our stability analysis for the caseRo = 0. Forε = −1,
the stability curves are in close agreement whether they are obtained from the above expansion of the velocity
profile or from the numerical derivation. Unexpectedly, forε = +1, we calculated results which differ from
those obtained whenVB is determined numerically, in particular the curvesTac(γ ) are shifted towards higher
values (seefigure 10). Inspection of the values ofD∗VB reveals that at mid-gap the out-of-phase contribution
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deduced fromB(x) takes small values that are overestimated if compared to their numerical values. It is the
only feature worth mentioning as a possible origin of the discrepancy though it is not yet understood how it
leads to enhance the stability.

This approximation for the base flow velocity was originally derived in a different way by Ern [11,12] and
used in a quasi-static approach for the valueγ = 1, leading to a minimum value of the instantaneous Taylor
numberTac ≈ 200, comparable to the value found earlier by Aouidef et al. [6] using Floquet theory and the
narrow gap approximation. Extrapolation of the present finite gap results toγ = 1 suggests that a higher value
of Tac should be expected.
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